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MAGIC SQUARES AND OTHER PROBLEMS. ON A CHESSBOARD

by Major P, A. MacMahorn, R.A., D.S., F.R.S.

"The construction of magic squares 1is an amusement of great antiquity; we
hear of their be:ng constructed in India and China before the Christian era, while
they appear to have been Introduced Into Europe by Moscopulus who flourished at

Constantinople early in the fifteenth century.

"However. what was at first merely a practice of magiclans and talisman
makers has now for a long tlme become a serious study for mathematicians. Not
that they have ilmagined that i1t would lead them to anythlng of solld advantage,
but becauce the ~hecry was seen te be fraught with 4ifficulty, and it was consld-
ered poss'ble th:, swme n2v propertles of numbers might be discovered which mathe-
maticians coiild . :irn Lo acenunt. This has *» fect proved to be the case, for from
n cer al poirt 7 view t o o.bj:ct has bee fourd .o be alg-braical rather than
arithmetical and =0 ne 1n:imntely connected with gr:at departments of sclence such
as zhe '!=fin te.imel cal-:lus! the 'calculis of or—:rations' and the 'theory of

groups. '

"No person living kiows in how many ways it 1s possible to form a magic
squar. of any orier axceeding 4 x .. The frct 1s tnat before we can attempt to

enume ~at - mag ¢ . queéres W omust se¢ our way to sol.2 protlems of & more simple

chara :te -,

"Po say and to establish that problems of *he general nature of the magle
squar © & irsi; tely connscied with the infinites mal calculus and the calculus

of fi.it:e differ:nces 1s to sum the matter up.”

An excernt from a paper rublished in frocesdings of the Royel Insitiiuticn of Great Britain.

Vel. XVII, No. 06, pp. 50-6%, Feb. &, 1892,
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A ma, e sauner coasis o 0 s 0 clewn o umbers 5o owrranged 1now square,
that the sum of eacl row and column and of both corner diagonals shall be the
same amount, whicn zay Lo teried the suammation snd 1s usually indilcated by S.
Those of the =ighth order - the 8 x 8 size - ray have other "properties" as
Franklin tcermad then, espzcially his "bent-diagonals.”

A fermous French mathomaticlan, Gabriel Phillipoe d- La Hire (1677-1719)
originated Lhe methcd of usior wo "priwary saoares™ to farm the magic square. A
"root square’ 1s sutstituted or one of them ::d then the two ars added tagethér,
forming the agie scuar-, comrvising b numb- vy Lote S8y sguares o the elghth

or.

PSS N N B ! P, DWise  crooempit ooty L Lo
Buler (1700-1790;) uted the La.irciar - -thod but (in ef ect) mades the usc of the
root square unneces:sary by placing both primary sguare: in one cell block, thus

forming a magic squere with 11 for.unity instead of one.

The "magic" 1s, naturally, in the primary square. The harmonious distri-
bution of eight sets of the digits 1 2 3> 4 56 7 B in an 8 x 8 square creates the
instruments with which the varlious forms are constructed. The position of the
complementary palre 1-8 2-7 3-6 k-5 determine the form of "asscciation.” Usually
the primary i3 turned one-quarter around to form the second one - prima?y B - and
then the two entered in the same cell block form the Euler-LaHireian square and
the complementary palrs are then 11-88 12-87 1%-86 and so on to the center pairs

48-51.,

Six of thes: forms of "associstion" av+~ shown ‘n the Euler-LaHireian
squares (8295) to (& :4) and tw . others - the knight (oniy) in (8i4) amd the asso-

ciated (815).

Ve w 11 proceced with 2 description of the various forms of the magic rec-
tangle, this being ithe wethod used by La Hire to build his primary square, and
then on to two othe:» methods of formiirng the primary sqg:are, which, as far as we

know, have never appeared in print.
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THE FRANKLIN-KNIGHT-NASIK MAGIC FECTANGLES

Gabriel Fhillippe de La Hire (1677-1719) was in his sixteenth year when
the following came from the pen of La Loubere:- "In‘these Indian squares 1t is
necessary not merely that the summation of the rows, columns and diagonals should
be alike, but that the sum of any eight numbers in one direction as in the moves
of a bishop or a knight should alsoc be alike." This "continuous" or "ﬁandiagonal"

qualit; in an % » 8 square is gencrally referred to as Knight-Nasik.l

Early Iin the elghteeuth century de La Hire round he could construct these
"Indian" squares with one primary square formed with four identical 2 x 8 magic
rectangles, the rumbers being used 1a their natural order - 1234 - followed by
their complements - 8765 - the second line containing the complements of the first
linc. The primary square was formed with four of the rectangle (800) and turned

one~quoir:- Lo b r ght -~ I+ttt form the cecond onc.

Half a contury later, Fran! lin, usivus the m.re difficult "direct method"

formed an 8 x 8 square with nis now famous "bent-diagonals."

Had he used the method of La Hire and simply transposed the digits 3 and

4 he could have orm:d a magic square with the "Indian" quality and his bent-

diagonals as well .

There are only three groups of numbers whic: can be used for this purpose
- 1-2.4.7% * 1.2.0-5 % 1-3.7-5 and wilthin eacn grour the "pairing" 1s alternate as
indicated in H (i05). Thus they form twelve divers: 2 x 4 magic rectangles (835)

which can be reflected, inverted and this inversion reflected, making’48 in all.

The complete table of © x 8 magle recectangles should be studied thoroughly.

!

. NASIK. The toewn of Naglk near Bombay, Indla, was the howe of the Rev, A, H. Frost who con-
tributed a mass ¢i malerial relating Lo magic aquares and cubes to the South Kensington Museum

in London, and his name for the "pandiagonal" or "corntinuoug" quality in any magic square has
been generally accepted.
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THE TABLE OF = x 8 MAGIC RECTANGLES

Here arc shown Lthe twelve entirely cliverse 2 x 8 Franklin-Knight-Nasik
maglc rectangles. Each one has been formed with a 2 x 4 rectangle, inverted to
form the seeond hilf. Each one can be reflected, inverted, turned one-half

around, (the reflection inverted) or 48 in all.

Each ore :an be changod intc a Franklin-JAINA rectangle by transposing
the second and third 2 x 2 sectlons., The three numbers 11 - 31 - 51 have been so0
treated and arc s1own as 011 - 015 in group 1584, 031 - 035 in group 1386 and
051-055 in group 1¢87. The other nine - numbers 15 Lo €5 - can be transposed in

the same manner.

Likewise the Xnighi-Nasik groups nuabers 111 to 165 can be transformed
‘nto tle Franklin JAINA forms $21-0.5 OK1-04i 2961-0€5, also being xopt in the
Lhree groups numb-rs L1834 - 1336 - 287 as ol herwise there would be a duplication
of digits. Thus there are three dlstinct groups of “he Franklin-JAINA forms,
cach containing cisght © x 8 rectangles, either 2 x 4 half of which can be reflect-
ed, etc., without ref=rence to the other hal?, The primary sjuares formed from

“hese roups cuan be used tog:lher.

Not:o tle . onsLlrucl o ~f this Frank? o-JAINS form. Each © x 4 is made
Jwith a & x 2 1nverrted to Torr the second hai?. The zonstructlon of the thirteenth

centurs JAINA nquare i shown tn (806),1

Th Kn gkt-Neasik roctangles numbers .11 to 165 -an be made into the "as-
sociat A" rorm by retlect! .2 tne seft 2 x 4 nectlon (Inctead of inverting 1it).
“hree  cxars les ar shown - (L - 81 - 91, Tiris tran formation Is shown in the two

“uler- ahieiar v omie squo es (814) - (815).

i JAIN\T——!n—Egbk, wfensor ©ohilling ¢ riribated - tne Ma somctical foclety of GOttingen ‘he
fact that Profestor Kielhorn hed found a JAINA inscription of the twelfth or thirteenth cen-
tury in the city ot KHAJURAHO, India. This consisted of a 4 x 4 magic square with the partic-
ular qualities stown in {806).
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QUA LI G e MAG - RISCTy wilge
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i*g the .ot:L for the olght aumbers i) Instess of 36 tne ~orrect tola. i+ (#01).

All of thes:- forms can te used together - one for primary A and the cther
- turned right or _eft (or reflected and turned) for the second or primary B. For
example: the comb’nation of the primary squares made with the rectangles (802)
and (B03) forms a riagic square, but not having these qualitles in common both the
knight and Franklin qualities are lost. See the example (B08).

In the combination of the primary squares made with the rectangles (B801)
and (802) one qual:ty - the bent dlagonal - is retained but the knight quality 1is
lost. Note the bent diagonal in the example (809).

The constructlon of the thirteenth century JAINA square is shown in (806).
The squares made w:th the Franklin-Jaina rectangles retain the complementary palrs

cach Y subspoars. Refer to the magic square (811) and note that the palrs
a: d [ BR ane e pu e ooat b ( 0 they v e dinponally cnonnite
gL S Th. IS S U [REFECTANNENN AN 1 SR PRI (10 N IS TS IR RIS

bni, it -4l

fn *>th f these sq o ¢ (£)) and (0;) the airing 1. a conpos.te of the
Jiina ard knight palring. ' .t complomentary ;uzirs wi 1 be found in the diagonally
oppositc corners o eight 3 x 5 prectangles 1n each ho.-izontel or vertical half,
depending on which primary is used for the primary A.

4 mazic squore is ci lled "essoclated" when the two numl ers making up the
complementary palrs ar: diaeotrically equidistant fro. the center. In the squares
- the ndd orders, & x ' -~ X 7 -9 x 9 “hls associatton of cromplementary palrs

nece savy to brin the  itwst forms. It the 8 x 3 :tze hwever, it bars the

Coigiat, d Frank 1o iitd ©.t hercfore ;-3 no var.i ulsr nterest.
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THE FRANKLIN-KNIGHT-NASIK
EULER-LAHIREIAN MAGIC SQUARES

The magic squares numbers (810) (812) (813) are so constructed that any
elght numbers 11 one direction as In the moves of a bishop or a knight are alike,
The move of the bishop, starting anywhere, is what the Rev. A. H. Frost termed
NASIK. Franklin broke this movement in the middle, and termed 1t a "bent-diagonal"

and writers frequently simply call & square "Franklin," meaning it has thls qual-
ity.

The move of the knight is shown in (814). The complementary pairs are in
dlagonally opposlte subsquares and by turning subsquares two and four one-half
around the nositicn of the pafrs 13 changed to what - in the odd orders - we term

ngsoclated. "Diarmetrically equidistant from the centsr." BSee (815),

All of these squares hrave the maximum aumber of "centers of equilibrium”
~ 49 -, In all of them there are 2C7 squares and rectangles of even dimensions

the four corner numbers of which bear a sum one-half that of rows or columns.

In (810) the rectangle No. 11 was used to form the primary B and then
turned left (TL) to form the primary A. The same with (811) using the Franklin
rectangle 011-015. The square (812) used the rectangle No. 15 for the B primary
and No. 16 for the A primary, the latter being turned RIGHT. Two rectangles were
also used for (813) one of them - No.5l-being turned left for the A primary.

These four are all "Franklin" and contain 20 of the bent-dilagonals "A"
and 24 each of the "B" and "C". Many will contain the kalght pattern "G" - for
example - (813) even 1f they are not "knight."

Especilally to be noted 1s the formation of the rectangles Nos. 111 to 165,
The four digits - 1467 - and thelir complements - 89532 - compriaing the upper and
lower hulf of eact 2 x 4 rectqngle, bear the wagic svm of 18 end therefore the
rows and columns ¢f each 4 x  subsgiare in  magic :quare will be 'magiq” but

not the diagonals.

Sacred Science Inscicuce

witaw.sAcredscience.com



Ne L (-n_),...,,)q_n N¢ otl-015 (TL) And NP OL(-036

v

71 25 76 22|78 24 73 27 25 T8 2476 22 13 27

132" 64 33767‘31 65 36 62 33 64 3L 65| 33 67 36 62
‘41'55.46‘ 52‘ 48 s4 43.57 2t 75 28 74 26 72 23 77
88 (4 83 17]81 5 8 02 68 34 61 35063 37 66 32
2 75 26 1|28 23 77 41 55 48 54|46 52 43 57
68’34.63'37‘61 35 b6 32.‘ 88 “ 8t 5 83 17‘8b‘lz
451:45:55:42‘ 58 4 53 47 +5[ 45 ss 4|55 42 53 47ﬁ
1884L387I£85w81 18 8 11 85|13 87 16 82

- ('
N2 16 (TR)any N2 (5 N2 51 (Tu) anp N2 23 @! )

(t 8 11 /‘
() 44 (52 46
s
38 64 (32 66
[81 (155 87 13|28 <
(a8 54 (42 56| 4t 'Gs). 47 (@m
' .27T®-74\Q2</76

(68) 34 62 36|61 35 67 (33
T Bl

KNIGHT PATTERN &

21

Ne 151 (TL)ane NP LU N2 9 (TL) ANDp N2

364 36 % 65 3 ’ 3 64 36 67

[ w
5845 51 /42| 51 4 S/ Yy (|58 45 5% 427
(i 3 .
2e)772875 2|33 #lau 74 2 ™M
. . . 0(9 A . . .
2| 81 e, 5|8 58 2
1|68 (9 63 32]% 3 glm 3 66 37
. . . . a o w .
5241/64 46 57 <2 348 5543 52
. s ‘;l}x m{ ¢ . . .
27 @ 25 73 22 jf : o2 75 21|57 46 54 4l
82 11 84 (6 87|53 |18 85 13 82|32 63 35 48
) ) T - @)

Sacred Science Inscicuce

witaw.sAcredscience.com



THE 2 x 2 UNIT - 1467 - METHOD OF
CONSTRUCTING MAGIC SQUARES WITH
THE FRANKLIN BENT DIAGONALS

This method has many advantages over the one using magic rectangles. It
has been possible t> explore slx different methods of placing the complementary
pairs 11-88 12-87 13-86, etc., including the one used by Franklin which we have

termed "original" aid which cannot be mccomplished with a single magic rectangle.

A great varlety 13 possible as the start can be made with any one of the
48 units in (B16) a3 long as thls order is followed: inversion, reflection, re-
flection inverted eitered zig-zag as Indlcated with the complements opposite.

Each 4 x 8 :olumn forms the left half of a Franklin-knight-Nasik primary
square the two 2 x 3 columns being transposed to form the right half (817). 1t
has been reflected and turned one-quarter to the left, (turned on its down-right

diagonal) to form thie primary B square (818).

The Franklia-Jaina form is made by transposing the second and third 2 x &
sections of (1) (7) to form the left half of the primary A and then transposing
the two 2 x 8 colum1s to form the right half. These two primary squares {819)
and (8620) have the same construction as the thirteenth century JAINA in (806).
Th: complemertary pairs 1-8 2-7 3-6 4-5 are in the dlagonally opposite corners of

each % x 5 sguare within each I x 4 subsquare.

12
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To form the primary A for the "Direct' Franklin (821) the rows of (817)
are rearranged in the order 1-4-3-2-7-6-5-8 which brings the complementary pairs
together 1in each 2 x 2 section. This one also was turned on its down-right diag-

onal to form the primary B square (822).

The position of the complementary palrs in the 8 x 8 square which Franklin
produced to illustrate his bent diagonals, 1s described as "adjacent and con-
structively adjacent" in each vertical half of the square., We have used the pri-
mary A of the Franklin-knight-Nasik (817) and one of the ¥ x 4 subsquarss af
{819) - used four times for the primary B (823) (824).

In the Euler-Lahirelan magic squares (829) and (833) the left halves are
identical. The second and fourth subsquares of (829) are transposed and then re-
flected forming the square (8%3). It was necessary to form this square with "op-
posite” pairing in order to duplicate the style of pairing used by Franklin in his
16 x 16 squere. In our example (856-A) as wlll be seen by examining the 8 x 8§
Euler-Lahireian magic square (856-C) a different set of primary squares than (825)
and (826} were necessary in order to bring the numbers 11-88 at the center bottom

of the square.

In the "Adjacent" form, the primary A (817) is changed by placing the
first column after the fourth and the fifth column after the eighth to form the
primary A (827). The same proceeding with (824) to produce (828).

In forming these examples we have used only the first column (1) (7) in
order to make certain comparisons. In (832-C) and (832-E) we have two primary
squares quite different from the (823) and (824) both sets belng used to produce
the "original" Franklin. ’

14
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FAANKLIN-KNIGHT
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POSITION EQUIVALENTS

The series of Lehireian numbers used by Leonhard Euler naturally runs
from 11 to 99 and in squares of the eighth order it is only necessary to eliminate
the ninth row and the ninth column, leaving the numbers 11 to 88 shown in figure
(B60). The position of each number is carried in the number itself - the first
digit indicating .he ROW and the second digit indicating the COLUMN.

Therefore any Euler-Lahireian magic square can be used as a KEY square 1in,
order to locate the proper substitute, in any series of numbers - not necessarily

consecutive - for the Euler-Lahlreian number.

For example: the second number in the KEY square (832-A) is 76 or row 7
and cclumn 6 and :he number in this position in the series of consecutive numbers
(8%2-G) is 54 whi:h 1s then entered in the square (8%2-B) which at the start 1s
an EMPTY cell blo:k. The next Euler-~-Lahlreian number 18 23 or row 2 and column 3
and its position :quivalent 1in the series above 18 11, This substitutlion 18 con-

tinued until the :ell block 1s full and the maglc square completed.

The origilial method of de La Hire 1s 1llustrated in (83%2-C) (832-D) (832-E)
and can be used a1y time the student desires to have the maglc square appear in

consecutive numbers 1 to 6k,

There is sontinuity - of & sort - 1in the entry of the first 32 numbers
in this magic square with the original Franklin psirings (832-B) but doubtless
some enthusiastic experimenter will find & better formula and - let us hope -~ the
rule or rules govarning the method of direct entry, which, nnfortunateiy, vas not

disclosed by the many sided Benjamin Franklin.
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